Non-Brownian fibers commonly flocculate in flowing suspensions at relatively low concentrations ( Ͻ 1% by weight͒. We have developed a particle-level simulation technique modeling fibers as chains of rods connected by hinges to probe fiber flocculation. The model incorporates fiber flexibility, irregular fiber equilibrium shapes, and frictional fiber interactions. Model fibers reproduce known orbits of isolated rigid and flexible fibers in shear flow. Simulation predictions of first normal stress differences in homogeneously dispersed, dilute flexible fiber suspensions agree with experimental data. Fiber features such as flexibility and irregular equilibrium shapes strongly impact single fiber and suspension behavior. Fibers aggregate in simulations with interfiber friction, in the absence of attractive forces between fibers. Strong flocculation is observed in suspensions of stiff fibers with irregular equilibrium shapes. Flocs contain many fibers with three or more contact points, and derive cohesiveness from elastic energy held in fibers-consistent with the elastic interlocking mechanism of flocculation. At higher concentrations (nL 3 Ϸ 100, where n is the fiber number density and L is the fiber length͒, coherent fiber networks form in simulations. Average numbers of contacts per fiber and contact force magnitudes in sheared and static networks are compared with existing fiber network theory predictions.
I. INTRODUCTION
In applications such as papermaking and composites processing, fibrous particles are suspended in flowing viscous media. Predicting and controlling fiber motion in these processes is critical to achieving the desired spatial arrangements of fibers in products. A complication is that fibers in these suspensions do not always move affinely with the fluid, but rather aggregate ͓Mason ͑1950͒, Kerekes et al. ͑1985͒, Kerekes and Schell ͑1992͔͒. A major goal in the processing of fiber-filled fluids is to understand how fiber mass distribution in flowing suspensions is affected by suspension conditions, and microscopic fiber features and interaction forces. Direct observation of fiber motions in concentrated, flowing suspensions is difficult, as fibers are small, opaque, and moving rapidly in most applications. In this work, a particle-level simulation technique is developed to systematically probe microstructure and flocculation in flowing fiber suspensions.
Much is known about the motion of isolated fibers in low Reynolds number flow. Jeffery ͑1922͒ solved for the motion of an isolated prolate spheroid in simple shear flow, v x aligned with the flow. The spheroid rotation period T increases with increasing spheroid aspect ratio r s ϭ a/b ͑ratio of major to minor axis lengths͒ as T ϭ 2(r s ϩ1/r s )/␥ . Jeffery's analysis was shown to be valid for any axisymmetric body with fore-aft symmetry, provided that an equivalent aspect ratio r e is used in place of the actual spheroid aspect ratio r s ͓Bretherton ͑1962͔͒. For rigid cylinders of length-to-diameter ratio r p ϭ L/D, equivalent aspect ratios have been experimentally measured ͓Goldsmith and Mason ͑1967͔͒, yielding the correlation r e ϭ 1.24r p /ͱln r p ͓Cox ͑1971͔͒.
Forgacs and Mason ͑1959a͒ and Goldsmith and Mason ͑1967͒ have theoretically and experimentally investigated the flow induced deformation of single fibers in simple shear flow. A cylindrical fiber in the flow/gradient plane is predicted to bend when the dimensionless group ͑called the bending ratio BR here͒ BR ϵ E Y ͑ ln 2r e Ϫ1.50͒
͑1͒
is less than one, where E Y is the fiber Young's modulus and is the fluid viscosity. Fiber shapes observed experimentally in shear flow have been classified and correlated with values of BR ͓Forgacs and Mason ͑1959b͔͒. Salinas and Pittman ͑1981͒ have quantified fiber bending by measuring the minimum radius of curvature R min attained by fibers during their orbits, finding smaller R min with decreasing BR. Studies have elucidated the forces responsible for holding fibers in flocs. Mason ͑1950, 1954͒ was the first to recognize that flocs form under conditions where electromagnetic and chemical forces are negligible compared to hydrodynamic forces. He proposed that, above a critical volume fraction v,crit ϭ 3/(2r p 2 ), at which exactly one fiber center of mass ͑c.m.͒ is present in the spherical volume swept out by a fiber of length L, extensive fiber collisions result in mechanical fiber entanglement. Meyer and Wahren ͑1964͒ applied the concept of mechanical entanglement to highly concentrated fiber networks, suggesting that network strength derives from the interlocking of elastically loaded fibers. Assuming randomly oriented fibers, they derived an expression for the average number of contact points per fiber ͗n c ͘ in a network as a function of r p and v .
They also predicted that the network shear modulus increases with increasing r p , v , and fiber stiffness. This and similar models for fiber network yield stress ͓Bennington et al. ͑1990͔͒ and individual floc strength ͓Farnood et al. ͑1994͔͒ agree qualitatively with experiments, supporting the mechanical interlocking hypothesis.
Less is known about the processes by which fibers flocculate. Mason ͑1950͒ postulated that flocculation is a dynamic equilibrium process, with fibers continuously entering and leaving flocs, both rates being equal at steady state. Kerekes ͑1995͒ has identified dimensionless groups that help predict flocculation in specific experiments. He defines the crowding factor, N c ϭ 2 v r p 2 /3, which is the average number of fiber c.m.s present in the spherical volume L 3 /6. A closely related quantity is nL 3 ϭ 6N c /, the number of fiber c.m.s per unit volume n times the cubic volume L 3 . Though useful, the crowding factor understandably cannot explain all phenomena, such as the dramatic dispersive action of water-soluble polymer in pulp fiber suspensions ͓Zauscher et al. ͑1999͔͒. Thus, a technique that explores the effects of microscopic fiber features and interaction forces on suspension behavior is needed. Direct particle level simulations have been employed to study non-Brownian fiber suspension flow behavior. Rigid fiber simulations have incorporated long range hydrodynamic interactions ͑HI͒ ͓Mackaplow and Shaqfeh ͑1996͒, Harlen et Koch ͑1997͒ and Harlen et al. ͑1999͒ showed that hydrodynamic lubrication cannot prevent physical contact between fibers, and thus nonhydrodynamic contact forces will become important. Sundararajakumar and Koch ͑1997͒ show that for concentrated rigid fiber suspensions (nL 3 Ͼ 40), simulations that neglect long range HI but include mechanical contacts predict fiber suspension dynamics ͑shear viscosity and orientation distributions͒ more accurately than results that include HI but neglect contacts. In simulations of falling ball rheometry, Harlen et al. ͑1999͒ showed that nonhydrodynamic contact forces dominate over hydrodynamic interactions as the concentration is increased (nL 3 տ 12). Thus, in our study of fiber flocculation, we neglect hydrodynamic interactions and probe the effects of repulsive and frictional fiber/fiber interaction forces. Simulations of flexible fibers, composed of linked rigid spheres ͓Yamamoto and Matsuoka ͑1996͒, Skjetne et al. ͑1997͔͒ and spheroids ͓Ross and Klingenberg ͑1997͔͒ have successfully replicated single fiber motions and predicted suspension viscosities. Following Ross and Klingenberg ͑1997͒, we employ chains of elongated bodies ͑rigid rods͒, enabling the simulation of high aspect ratio (r p ϭ 50-280) fibers with relatively few bodies per chain.
In Sec. II, details of our simulation technique are presented. The model is shown to reproduce experimentally observed single fiber motion and homogeneous suspension rheological properties in Sec. III. Results of simulations probing fiber flocculation are then presented in Sec. IV, demonstrating that flocculation can be induced by purely mechanical means ͑interparticle friction, elastic fiber deformation, and irregular equilibrium shapes͒-without attractive forces. Simulated flocs derive cohesiveness from elastic energy storage in fibers, consistent with the elastic interlocking mechanism of flocculation. Fiber features and interactions are shown to dramatically impact flocculation.
II. SIMULATION METHOD

A. Mechanical model and equations of motion
A fiber is modeled as a chain of N rigid rods and NϪ1 hinges, as shown in Fig. 1 . Rods have side length l, diameter D, and aspect ratio r p r ϵ l/D. The chain contour length is L ϭ Nl, and fiber aspect ratio r p ϵ L/D. Rods rotate and twist about the hinges, replicating fiber bending and twisting deformations. However, the chain contour length remains fixed. Index i refers to a rod, as well as the hinge preceding it, ͑hinge 1 is fictitious͒. Each rod i in a chain ͑except for rod N) has a hemispherical end cap at hinge i, and is blunt at hinge iϩ1. Rod N has hemispherical caps on both ends. When a chain is straight, the hemispherical end of each rod i overlaps the adjacent rod iϪ1. This model retains a smooth fiber surface even when bent.
A fiber configuration is specified by 3(Nϩ1) independent coordinates; the fiber c.m. position r c.m. relative to space-fixed coordinates, and 3N internal coordinates relating the orientations of N orthonormal sets of rod base vectors (x i , ŷ i , p i ) ͑illustrated in Fig. 1͒ to the space-fixed frame. Rod c.m. positions are obtained by
All vectors are based in the space-fixed frame unless otherwise indicated by bracketed subscripts, e.g., v [frame] . Equations of motion in Cartesian coordinates for chains of rigid rods connected by hinges are derived from force and torque balances on each rod in a chain, with the constraint that the fiber contour length remains constant. For certain fiber interactions, additional constraints are imposed on the motion of contacting fibers. Balances contain contributions from five different sources: hydrodynamic forces and torques, body forces, elastic bending and twisting torques, constraint forces and their moments ͑to hold rods together in a chain͒, and interparticle forces ͑repulsive and frictional͒ and their moments. Particle and fluid acceleration are neglected.
The force balance on rod i is
where F i h is the hydrodynamic force, X i and X iϩ1 are the constraint forces in hinges i and iϩ1, respectively, F i b is the body force, and ͚ j f i j is the net interparticle force from all rods j interacting with rod i. The torque balance on rod i is
where T i h is the hydrodynamic torque, the second and third terms are the moments about the rod i c.m. exerted by the constraint forces acting in hinges i and iϩ1, respectively,
twist is the sum of the bending and twisting torques in hinge i, and Y iϩ1 is the analogous quantity for hinge iϩ1. The term ͚ j t i j ϭ ͚ j (S i j p i ϩ0.5G i j n i j )ϫf i j is the net moment about the rod i c.m. exerted by the interparticle forces acting on rod i, where S i j is the point on the rod i centerline at which the interaction with rod j occurs, the unit vector n i j points from rod i to rod j at the interaction point and is perpendicular to both rod surfaces, and G i j is the separation distance between rod centerlines at the interaction point.
In this model, the suspending fluid is Newtonian and hydrodynamic interactions between rods in different fibers, as well as within the same fiber, are neglected. The hydrodynamic force on a rod i is
where ṙ i is the translational velocity of the rod i c.m., v i ϱ is the ambient fluid velocity at the rod i c.m., and 
where
The hydrodynamic torque on rod i is
where i is the angular velocity of rod i, ⍀ i ϱ is the ambient fluid angular velocity at the rod i c.m., and ␥ ϭ 1 2 (ٌv ϱ ϩٌv ϱ † ) is the rate of deformation tensor of the ambient fluid. The resistance tensors 
where t i j
In this work, body forces are not applied. They are retained in the equations of motion for completeness.
Bending and twisting torques attempt to hold a chain in a specified equilibrium shape. Fiber equilibrium shape is defined by fixing a coordinate system (x i , ŷ i , p i ) on each rod i, and an equilibrium coordinate system (x i eq , ŷ i eq , p i eq ) for each rod i on the preceding rod iϪ1 ͓Fig. 2͑a͔͒. At equilibrium, the coordinate system fixed on rod i and its equilibrium frame on rod iϪ1 are aligned. The relative orientation between the equilibrium orientation for rod i (x i eq , ŷ i eq , p i eq ) and the orientation of rod iϪ1 (x iϪ1 , ŷ iϪ1 , p iϪ1 ) is prescribed. Vector ŷ i eq is rotated by an angle eq relative to ŷ iϪ1 , and vector p i eq is rotated by an angle eq relative to p iϪ1 , as shown in Fig. 2͑b͒ .
The angles eq and eq are specified to mimic a variety of equilibrium fiber shapes. For an intrinsically straight fiber, eq ϭ 0 and eq ϭ 0. For a U-shaped fiber whose centerline lies in a plane and has an intrinsic radius of curvature R u , eq ϭ 2tan Ϫ1 (l/2R u ) and eq ϭ 0 ( eq Ϸ l/R u for R u ӷ l). For a helical fiber whose centerline encircles a cylinder of radius R h and rises a distance H in one period, cos eq ϭ cos ␣cos 2 (␤/2)ϩsin 2 (␤/2) and cos eq ϭ cos ␣sin 2 (␤/2)ϩcos 2 (␤/2), where
Bending and twisting torques are applied when a chain deforms from its equilibrium shape. The bending torque in hinge i is
where b is the bending constant,
is the bending angle, and
is the bending torque direction. For small deformations, the chain bending stiffness is related to the bending stiffness of an elastic cylinder by l b Ϸ E Y I where E Y is the Young's modulus of the fiber material and I is the area moment of inertia, (I ϭ R 4 /4 for a circular cylinder with radius R). The twisting torque in hinge i is
where t is the twisting constant,
is the twisting angle, and
are the projections of vectors ŷ i and ŷ i eq perpendicular to unit vector connecting adjacent
where G is the shear modulus of the fiber material and J is the appropriate area moment of inertia (J ϭ R 4 /2 for a circular cylinder with radius R). In this work, t / b ϭ 0.67, which for an elastic cylinder corresponds to a Poisson's ratio of 0.5. For simple shear flow, the sum of the dimensionless bending and twisting torques in hinge i is
FIG. 2. ͑a͒
Frame on rod i, and equilibrium frame for rod i fixed on rod iϪ1 used to define fiber equilibrium shape. ͑b͒ Relation between rod iϪ1 frame and rod i equilibrium frame.
is the ratio of the elastic restoring torque scale to hydrodynamic torque scale. The dimensionless fiber stiffness DS ϵ E Y I/(␥ L 4 ) is related to the bending ratio BR, defined in Eq. ͑1͒, by DS ϭ BR/͓32(ln 2r e Ϫ1.5)͔ for cylindrical fibers. The elastic energy stored in a fiber is
In Eqs. ͑10͒, ͑11͒, and ͑13͒, we have assumed that the fiber deformations are small ͑i.e., tan ␣ b,i Ϸ ␣ b,i ). Even for the most flexible fibers investigated here (DS ϭ 7.7 ϫ10 Ϫ5 ), the resulting error in the average bending torque is only 5%.
The orientation of each rod can be represented by four Euler parameters ͓Wittenburg ͑1977͔͒ q i ϭ (q 0 ,q 1 ,q 2 ,q 3 ) i , which are related to the unit vectors ( 
, relates the vector ŷ i in the space frame to the body fixed vector
. Analogous expressions relate x i and p i to
eq and p i eq , needed in twisting and bending torque expressions, respectively, are obtained by
where where R eq ϭ R bend •R twist is the product of a bending and twisting rotation, as illustrated in Fig. 2͑b͒ . The fiber contour length is held constant by requiring that r i ϩ (l/2)p i ϭ r iϩ1 Ϫ (l/2)p iϩ1 for each pair of adjacent rods in a chain. Taking the time derivative leads to the constraint
Substituting Eqs. ͑6͒ and ͑9͒ for the translational and angular velocities yields
The NϪ1 inextensibility constraints ͓Eq. ͑19͒ for 1 р i р NϪ1͔ can be solved simultaneously for the NϪ1 unknown constraint forces X i * in a chain (X 1 * ϭ 0), provided all interparticle forces f i j * are known. For a chain of five rods, the system of equations takes the form
The (3NϪ3)ϫ(3NϪ3) matrix is banded, thus computational effort for solving this system of equations can be made to scale linearly with N. Including fiber interactions requires determining the minimum distance between neighboring rod surfaces. The algorithm we employ is summarized in Appendix A.
Repulsive interparticle forces acting normal to fiber surfaces are employed to represent the fibers' excluded volume. Two different types of forces can be employed. The short range position dependent force
can be used, where g i j ϵ G i j /R, and F ϭ 120LR␥ is empirically found to eliminate surface overlaps. Here, interparticle forces are applied for g i j р 2.33. Alternatively, repulsive forces can be applied that satisfy the no-approach constraint
where ⌬v i j is the relative velocity of the rod surfaces at the interaction point
Here, forces are applied for g i j р 2.01, simulating mechanical contact between rods. Substituting rod velocities and angular velocities from Eqs. ͑6͒ and ͑9͒ for C contacts in a cluster of M fibers yields a system of equations for the repulsive force magnitudes
Simulations of unconnected rigid rods (N ϭ 1, r p ϭ 20, nL 3 ϭ 20) in shear flow with these two methods agree fairly well. Using position dependent repulsive forces results in an average of 0.32 interactions per fiber compared to 0.25 contacts per fiber for repulsive forces that satisfy Eq. ͑22͒. Suspension rheological properties agree similarly closely. In results reported here, short range, position dependent repulsive forces are employed, as this method is computationally simpler.
Static friction, which prevents fibers from sliding over one another, is incorporated through no-slip constraints on the motion of interacting particles
Here t i j (1) and t i j (2) are unit vectors tangent to both fiber surfaces at the point of closest approach
When friction is applied along with position dependent repulsive interparticle forces, the condition
is imposed on each friction force f i j fric .
Equations ͑24͒ and ͑26͒ are nondimensionalized, and translational and angular velocities from Eqs. ͑6͒ and ͑9͒ are substituted, yielding a 3Cϫ3C system of equations for the unknown friction force vectors in a cluster of M fibers connected through C interaction points. These equations contain 3M (NϪ1) unknown constraint forces X i * , and must be solved together with 3M (NϪ1) inextensibility constraints ͓Eq. ͑19͔͒. We employ an approximate technique, described below.
Friction forces are applied at interaction point k if ͉f k
͉ at one or more interaction points, the frictional interaction with the highest value of ͉f fric ͉/͉f rep ͉ is removed ͑a repulsive force is still applied͒, and friction forces are recalculated. This procedure is repeated until ͉f k
͉ at all interaction points. This scheme mimics a sliding friction coefficient of zero, similar to the rigid fiber simulations of Thomasset et al. ͑1997͒ .
B. Computational details
In numerical simulations, an approximate technique is adapted wherein constraint forces X i * from the previous time step are used to solve for current friction forces. With this simplification, the motions of adjacent rods in chains are temporarily uncoupled. Friction forces at only c contacts in a cluster of rods ͑i.e., a group of rods connected through frictional interaction points͒ must to be calculated simultaneously, rather than C contact forces in a cluster of fibers ͑typically c Ϸ 0.02C). For a cluster of rods with c interactions, the dimensionless forms of the constraints in Eqs. ͑24͒ and ͑26͒, combined with rod translational and angular velocities ͓Eqs. ͑6͒ and ͑9͔͒, yield a 3cϫ3c system of equations for the friction forces
Here U k and W kl are second order tensors, each Z k is a vector. These terms are described in Appendix B.
At each simulation time step, bending and twisting torques are first evaluated, followed by a search for interaction points and calculation of position dependent forces. If rods i and j interact, frictional interactions are not considered between i and either j Ϫ1 or jϩ1 ͑rods adjacent to j in its chain͒. Likewise, rod j does not interact with i Ϫ1 and iϩ1 through frictional forces. This avoids the numerically unstable situation of having two friction forces applied at closely spaced positions near a hinge. Repulsive forces are applied for all g i j р 2.33.
Once all interactions are found, rods are sorted into clusters. The friction forces in each cluster are calculated using Eq. ͑27͒ with constraint forces X i * from the previous time step ͑friction forces are not calculated the first time step͒. Then, current constraint forces are found by Eq. ͑19͒, and rod motion is calculated with Eqs. ͑6͒ and ͑9͒. 
and q͑␥ϩ⌬␥ ͒ ϭ q͑␥ ͒ϩ͓1.5q͑ ␥͒Ϫ0.5q͑␥Ϫ⌬␥͔͒⌬␥. ͑30͒
The vector b,i ϭ R i • i is the rod i angular velocity in the body i frame. Each chain is regrown using Eq. ͑2͒ with the new orientations and r c.m. .
Comparisons with an exact technique, in which the motion and forces in each cluster of fibers are calculated simultaneously, show that the approximate technique gives con-sistent suspension properties for ⌬␥ р 2ϫ10 Ϫ4 ͓Schmid ͑1999͔͒. In the simulations reported here, ⌬␥ ϭ 2ϫ10 Ϫ4 .
Explicit, rather than position dependent, repulsive forces can be applied with friction forces. In this case, the no-slip constraints ͓Eq. ͑24͔͒ are imposed, along with the noapproach constraint ͓Eq. ͑22͔͒. Comparisons show that the number of close range interactions with position dependent forces is within 5% of the number of physical contacts with explicit repulsive forces for flexible fiber simulations with r p ϭ 80, N ϭ 8, DS ϵ E Y I/(␥ L 4 ) ϭ 7.7ϫ10 Ϫ4 , eq ϭ 1.4, eq ϭ 1.1, f stat ϭ ϱ, and nL 3 ϭ 26.2 ͓Schmid ͑1999͔͒. Thus, we employ position dependent repulsive forces exclusively, and take the number of close interactions to be a good estimate of the number of true mechanical contacts.
Rigid fiber simulations, ͓Eq. ͑27͒ is used with N ϭ 1; X i * and Y i * on the right hand side set to zero͔, with r p ϭ 20, f stat ϭ ϱ, and nL 3 ϭ 10 predict consistent steady state suspension properties, and only 5% slower equilibration as the simulation box side length is decreased from B ϭ 4L to B ϭ 2L ͓Schmid ͑1999͔͒. Here we perform simulations in cubic boxes with side lengths 1.6L р B р 4L. Neglecting fluid and particle inertia suggests that Reynolds numbers are limited to Re ϵ ␥LD/ р 0.1. For typical pulp fibers with length L ϭ 2.5 mm and diameter D ϭ 32 m ͓Smook ͑1982͔͒ suspended in water with ϭ 10 3 kg/m 3 and ϭ 10 Ϫ3 Pa s, simulations with DS ϭ 0.008 (BR ϭ 0.25) imply that fiber stiffnesses are limited to EI р 4ϫ10 Ϫ16 N m 2 . Although such fibers appear stiff in simulations ͑i.e., they do not bend appreciably; see below͒, such values for EI are much smaller than experimentally measured values for wood fibers ͓Kerekes and Tam Doo ͑1985͔͒. Simulations with larger DS can be performed at increased computational cost.
III. SINGLE FIBER AND HOMOGENEOUS SUSPENSION SIMULATIONS
This model successfully replicates Jeffery orbits of isolated, neutrally buoyant, rigid fibers. The equivalent aspect ratios of the rigid rods r e r are chosen such that the orbit periods of stiff model fibers (BR ϭ 2) match experimentally measured orbit periods (T␥ ϭ 2(r e ϩ1/r e ), where r e is related to the fiber aspect ratio r p by the correlation r e ϭ 1.24r p /ͱln r p ͓Cox ͑1971͔͒͒. Model fiber rotation periods are independent of initial fiber orientation, in agreement with Jeffery's analysis ͓Jeffery ͑1922͔͒. Table I summarizes the equivalent rod aspect ratios used in the simulations. The model reproduces isolated fiber motions in shear flow over a wide range of fiber stiffnesses. Figure 3 shows snapshots of model fibers with three different values of the BR ͓Eq. ͑1͔͒ undergoing orbits in the flow/gradient plane ͑''C ϭ ϱ'' orbits ͓Mason ͑1954͔͒͒. The minimum radius of curvature attained by a smooth line that is tangent to each rod at its c.m. ͑the model fiber ''centerline''͒ during a C ϭ ϱ orbit is plotted as a function of BR for intrinsically straight model fibers of various aspect ratios in Fig. 4 . Intrinsically straight model fibers do not bend appreciably until BR р 0.1; thus they are stiffer than actual fibers, which bend for BR р 1. The symmetrical S shapes of intrinsically straight model fibers also differ qualitatively from the C shapes observed in experiments ͓Forgacs and Mason ͑1959b͔͒. To obtain C shapes during flexible fiber rotations, model fibers are given small permanent deformations ͑Fig. 5͒. The bending behavior of model fibers with intrinsic radii of curvature R u ϭ 10L, shown by the filled symbols in Fig. 4͑a͒ , agrees with qualitative experimental observations of Forgacs and Mason ͑1959b͒, represented by the dashed line in that figure. A quantitative comparison with the data of Salinas and Pittman ͑1981͒ in Fig. 4͑b͒ demonstrates that small permanent deformations in model fibers are needed to accurately capture correct fiber bending behaviorintrinsically straight fibers act much stiffer than actual fibers. Simulations capture the rheological behavior of homogeneously dispersed, flexible fiber suspensions. The slender-body approximation for the fiber contribution to the deviatoric stress is ͓Mackaplow and Shaqfeh ͑1996͔͒ fib ϭ n
͑31͒
where the second term on the right hand side accounts for the moment exerted by the hydrodynamic force on each rod about its chain c.m. ͓Batchelor ͑1970b͒; Sundararajakumar and Koch ͑1997͔͒. Brackets ͗ ͘ denote averages over all fibers in the suspension, s i is the position along the rod i axis, and IT is an isotropic term that is not of interest here. The hydrodynamic force per unit length f(s i ) at point s i on rod i is taken as the leading order slender body theory approximation ͓Batchelor ͑1970a͔͒, Simulation results demonstrate that rheological properties are strongly impacted by both fiber flexibility and equilibrium shape. In Fig. 6 , the first normal stress difference, N 1 ϭ xx Ϫ yy , is plotted as a function shear rate for various fiber suspensions with r p ϭ 100 and v ϭ 0.01 (nL 3 ϭ 127) in simple shear flow. The circles are experimental data reported by Goto et al. ͑1986͒ for suspensions of nylon fibers (E Y Ϸ 3 ϫ10 9 Pa, L ϭ 1.4 mm, D ϭ 14 m) in glycerol ( Ϸ 4 Pa s). Simulations of straight, rigid fiber suspensions ͓Sundararajakumar and Koch ͑1997͔͒ produce much smaller values of N 1 . Our simulations of intrinsically straight, flexible fibers ͓N ϭ 7, DS ϭ 0.368/␥ (s Ϫ1 )͔ produce larger values of N 1 than in rigid fiber simulations at high shear rates (␥ Ͼ 100/s), but they are still considerably smaller than the measured values. Simulations of suspensions of flexible fibers with slightly deformed equilibrium shapes ͓N ϭ 7, eq ϭ 0.105, eq ϭ 0.524 ͑shape illustrated in Table II͔͒ produce first normal stress differences that nearly match the experimental values ͑error bars represent the standard deviation over three runs with different initial configurations͒. Nawab and Mason ͑1958͒ observed a dramatic Weissenberg rod climbing effect in their experiments with a concentric cylinder rotational viscometer and fibers of r p Ͼ 170 suspended in Castor oil at v у 0.002. They attributed this behavior to the increased rate of fiber flipping caused by fiber flexibility and permanent deformations. For isolated model fibers at ␥ ϭ 300/s, the end-to-end vector of a permanently deformed fiber ( eq ϭ 0.105, eq ϭ 0.524) flips through the flow/vorticity plane roughly four times more frequently than for intrinsically straight fibers. In the sheared suspensions studied here, the average permanently deformed fiber holds about 20 times more elastic energy than an intrinsically straight fiber. Hence, in addition to the increased rate of fiber flipping, permanent deformations stimulate elastic fiber deformation, contributing to the elastic character of the fluid.
Second normal stress differences, N 2 ϭ yy Ϫ zz , are plotted as a function of shear rate in Fig. 7 for simulations of flexible, permanently deformed fibers ( eq ϭ 0.105, eq ϭ 0.524) under the same conditions as above. Simulations predict values that are negative at low shear rates, go through a minimum, and then become positive at higher shear rates.
IV. FLOCCULATION
Flexible fibers in shear flow often flocculate, generating heterogeneous distributions of fiber mass. Our simulations show that flocculation can be induced by interfiber friction, in the absence of attractive forces between fibers. Below we describe how flocculation behavior depends on the coefficient of friction, fiber stiffness, equilibrium shape, and concentration.
A. Effect of friction coefficient
Simulations are performed with suspensions of helical, flexible fibers ( eq ϭ 0.9, eq ϭ 1.0) with r p ϭ 80, DS ϵ E Y I/(␥ L 4 ) ϭ 7.7ϫ10 Ϫ3 , at a volume fraction v ϭ 0.0032 (nL 3 ϭ 26.2), and for various friction coefficients f stat . Snapshots of fiber configurations after shearing suspensions to a shear strain ␥ ϭ 2000 are illustrated in Fig.  8 for f stat ϭ 5, 10, and ϱ. For f stat ϭ 5, the fibers remain homogeneously dispersed.
For f stat ϭ 10 and ϱ, the suspensions exhibit the formation of distinct fiber flocs. This behavior does not change as the simulation box size is increased from B ϭ 2.5L to B ϭ 3.5L ͓Schmid ͑1999͔͒. Flocs form in the absence of attractive forces between fibers-friction alone drives flocculation. However, the static friction coefficient required to cause flocculation is demonstrate that interfiber friction not only inhibits contacting fibers from sliding, but also assists in pinning fibers together and deforming them. Friction also helps store elastic energy in fiber flocs upon the cessation of shear flow. Flocs were formed by shearing a suspension with r p ϭ 70, N ϭ 5, DS ϭ 0.050, eq ϭ 0.8, eq ϭ 0.7, v ϭ 0.00125 (nL 3 ϭ 7.8), and f stat ϭ 20, to a strain of ␥ ϭ 2000, at which point the average elastic energy per fiber was E e ϭ 0.41E Y I/L. The flow was then stopped and the structure allowed to relax, using four different friction coefficients. The fraction of initial elastic energy stored in the fibers is plotted as a function of time for f stat ϭ 0, 10, 20, and 100 in Fig. 11 . Here Friction also helps hold flocs together in unbounded shear flow. Flocs were formed in simulations with shear flow and periodic boundary conditions, (r p ϭ 70, N ϭ 5, DS ϭ 0.050, eq ϭ 0.8, eq ϭ 0.7, nL 3 ϭ 7.8), and then removed from the suspension and placed alone in an unbounded shear flow. As fibers break free from the floc, they are carried away by the flow, the number of fibers remaining in a floc ͑initially containing 80 fibers͒ is tracked as a function of strain in Fig. 12 . With f stat ϭ ϱ, the floc loses half of its fibers in a strain of ␥ Ϸ 350, roughly twice as long as with f stat ϭ 20, and ten times as long as with purely repulsive interfiber forces ( f stat ϭ 0). Thus friction induces fibers to mechanically interlock, and also resists their dispersion.
B. Effect of fiber stiffness
Fiber stiffness plays an important role in the formation and persistence of simulated flocs. Flocculation in suspensions with r p ϭ 80, N ϭ 8, eq ϭ 0.9, eq ϭ 1.0, nL 3 ϭ 26.2, and f stat ϭ ϱ becomes less prevalent as the dimensionless fiber stiffness decreases, as illustrated by simulation pictures in Fig. 13 . The decreased aggregation is reflected by the fiber c.m. pair distribution function. For DS ϭ 3.9ϫ10 Ϫ4 , the shape of g(r) is similar to that for DS ϭ 7.7ϫ10 Ϫ3 ͓curve ͑d͒ of Fig. 9͔ , but g(r ϭ 0.01L) drops from 15 to 7. For DS ϭ 7.7ϫ10 Ϫ5 , g(r ϭ 0.01L) Ϸ 1.1. Interparticle force magnitudes and elastic energy storage in fibers diminish as fiber stiffness decreases. Table IV presents values of the average frictional and repulsive contact force magnitudes, as well as the average elastic energy per fiber, calculated for ␥ у 1000 for sheared suspensions under the conditions in Fig. 13 and various fiber stiffnesses. Simulations are consistent with the experimental observations that flocs are more prevalent at low shear rates and low suspending fluid viscosities ͑large dimensionless stiffnesses͒ ͓Takeuchi et al. ͑1983͒, Zhao and Kerekes ͑1993͔͒. Here, the reduction in flocculation is not attributable to fluid and particle inertia effects. Rather, decreased elastic energy storage in fibers relative to hydrodynamic forces produces weaker contact forces, diminishing aggregation.
Kerekes ͑1995͒ has suggested that coherent flocs appear in fiber suspensions as the Reynolds number is increased above approximately one. Although our model shows that flocculation can appear as the viscosity is decreased ͑i.e., DS is increased͒, we have neglected particle and fluid inertia, and thus all simulations are performed in the limit of vanishing Reynolds number. Therefore, we cannot comment on Kerekes' suggestion. Flocs break up more rapidly in unbounded shear flow as fiber stiffness is decreased. A flocculated structure was formed by simulating a suspension (r p ϭ 70, N ϭ 5, DS ϭ 0.050, eq ϭ 0.8, eq ϭ 0.7, f stat ϭ ϱ, and nL 3 ϭ 7. 
C. Effect of fiber shape
Fiber equilibrium shape strongly impacts the bending behavior of single fibers, as well as the first normal stress differences in flexible fiber suspensions ͑Sec. III͒. Its dramatic effect on flocculation behavior is now explored. The flocculation behavior of sheared suspensions with r p ϭ 80, N ϭ 8, DS ϭ 7.7ϫ10 Ϫ3 , and f stat ϭ ϱ is mapped as a function of fiber equilibrium shape and concentration (nL 3 ) in Fig. 15 . Suspensions that remain homogeneously dispersed ͓g(r ϭ 0.01L) р 3͔ to a strain of ␥ ϭ 2000 are indicated by open symbols; suspensions that flocculate ͓g(r ϭ 0.01L) Ͼ 3͔ within ␥ ϭ 2000 are indicated by filled symbols. Points are labeled with letters for discussion below. Suspensions with nearly straight fiber equilibrium shapes at low concentrations remain homogeneously dispersed. At a fixed concentration, increasing permanent fiber deforma-FIG. 13. Sheared suspensions with r p ϭ 80, N ϭ 8, eq ϭ 0.9, eq ϭ 1.0, nL 3 ϭ 26.2: ͑a͒ DS ϭ 3.9 ϫ10 Ϫ4 , and ͑b͒ DS ϭ 7.7ϫ10 Ϫ5 , at ␥ ϭ 1000 ͓the suspension with DS ϭ 7.7ϫ10 Ϫ3 is illustrated in Fig.  8͑c͔͒ . properties. In Fig. 17͑a͒ , ͗n c ͘ is plotted as a function of strain for suspensions C, J, K, and L, illustrating significantly more fiber interactions and faster aggregation for suspension C ( eq ϭ 0.9, eq ϭ 1.0) than for suspension L ( eq ϭ 0.2, eq ϭ 0). Highly irregular fiber equilibrium shapes also stimulate elastic fiber deformation in flowing suspensions, and lead to stronger interparticle forces, as exhibited by the values of ͗ f fric *͘, ͗ f rep *͘, and ͗E e * ͘ ͑averaged for ␥ у 1000) presented in Table V .
Although irregular fiber equilibrium shapes facilitate aggregation in the presence of friction forces, our simulations do not exhibit flocculation with purely repulsive interparticle forces. Suspensions of stiff (DS ϭ 7.7ϫ10 Ϫ3 ) permanently deformed ( eq ϭ 0.8, eq ϭ 0.2) fibers of r p ϭ 80 with f stat ϭ 0 remain homogeneously dispersed even at nL 3 ϭ 65.5.
D. Effect of fiber concentration
Simulations show that flocculation becomes more prevalent with increasing nL 3 , in agreement with theory and experiment ͓Mason ͑1954͒, Kerekes and Schell ͑1992͔͒. For sheared suspensions with r p ϭ 80, N ϭ 8, DS ϭ 7.7ϫ10 Ϫ3 , eq ϭ 0.5, eq ϭ 0.1, and f stat ϭ ϱ, a distinct transition from homogeneously dispersed to flocculated occurs between nL 3 ϭ 3 and nL 3 ϭ 12, as illustrated in Fig. 18 . Suspensions flocculate below nL 3 ϭ 3 with eq ϭ 0.9, eq ϭ 1.0. In contrast, nearly intrinsically straight fibers ( eq ϭ 0.1, eq ϭ 0) remain uniformly dispersed even for nL 3 ϭ 105, as shown in Fig. 19 . Although flocs do not form in simulations of nearly intrinsically straight fibers ͓for eq ϭ 0.1, eq ϭ 0, nL 3 ϭ 105, g(r ϭ 0.01L) ϭ 1.9 at ␥ ϭ 2000͔, evidence suggests that a transition from a homogeneous suspension to a uniform fiber network occurs between nL 3 ϭ 52.5 and nL 3 ϭ 105. Upon cessation of shear flow at nL 3 ϭ 105, fibers initially holding ͑on average͒ E e ϭ 1.1E Y I/L relax to a static configuration by t ϭ 2.7L 4 /(E Y I), retaining roughly 40% of their initial elastic energy. In contrast, at nL 3 ϭ 52.5 the elastic energy relaxes to zero by t ϭ 0.2L 4 /(E Y I). Kerekes and coworkers ͓Kerekes and Schell ͑1992͒; Kerekes ͑1995͔͒ also observed a transition to floc formation at sufficiently large concentrations. They found that coherent fiber flocs formed for nL 3 տ 115 (N c տ 60), albeit for different flow fields.
In sheared suspensions with r p ϭ 80, N ϭ 8, DS ϭ 7.7ϫ10 Ϫ3 , eq ϭ 0.1, eq ϭ 0, and f stat ϭ ϱ, the average number of contact points per fiber increases from ͗n c ͘ ϭ 1.7 at nL 3 ϭ 52.5 to ͗n c ͘ ϭ 4.8 at nL 3 ϭ 105. Upon relaxation of shear flow, ͗n c ͘ decays to zero for the suspension at nL 3 ϭ 52.5, where it increases to ͗n c ͘ ϭ 5.4 for the static fiber network at nL 3 ϭ 105. Meyer and Wahren ͑1964͒ predict ͗n c ͘ for static networks of straight, randomly oriented fibers. For r p ӷ 1, Kerekes and Schell ͑1992͒ simplify the result to
.
͑34͒
In Fig. 20 predicted for randomly oriented fibers ͓Eq. ͑34͒; solid curve in Fig. 20͔ , and depends on the interfiber friction coefficient, the equilibrium fiber shape, as well as the imposed flow field.
The average contact force in static, elastically interlocked fiber suspensions with r p ϭ 80, N ϭ 8, DS2 ϭ 7.7ϫ10 Ϫ3 , and f stat ϭ ϱ is impacted by fiber equilibrium shape. For a network with nearly straight fibers ( eq ϭ 0.1, eq ϭ 0) at nL 3 ϭ 105, we
For softwood fibers of L ϭ 2.5 mm, R ϭ 16 m, and E Y I ϭ 8ϫ10 Ϫ12 N m 2 , the corresponding average repulsive interparticle force is ͗ f rep ͘ ϭ 4.5 N. In contrast, for a static, flocculated suspension with permanently deformed fibers ( eq ϭ 0.9, eq ϭ 1.0) at a lower concentration (nL 3 ϭ 65.6), the average contact force magnitudes are larger:
for the average repulsive contact force in an elastically interlocked fiber network. For nL 3 ϭ 105, Eq. ͑34͒ yields ͗n c ͘ Ϸ 3, and the average repulsive contact force is predicted to be ͗ f rep ͘ ϭ 3.8 N, in close agreement with our simulations of nearly intrinsically straight fibers. For nL 3 ϭ 65.6, Wahren's theory estimates ͗ f rep ͘ ϭ 2.8 N, which is five times lower than our simulations of highly permanently deformed fibers.
V. CONCLUSION
Flocs form in particle level simulations in the absence of attractive forces between fibers-interfiber friction and repulsive interactions alone induce flocculation. The behavior and properties of these flocs suggest that they form through an elastic interlocking mechanism; aggregation is more prevalent as elastic energy held in the fibers increases, and flocs contain high percentages of fibers with three or more contact points, remain   FIG. 18 . Sheared suspensions with r p ϭ 80, N ϭ 8, DS ϭ 7.7ϫ10 Ϫ3 , eq ϭ 0.5, eq ϭ 0.1, and f stat ϭ ϱ for three concentrations: nL 3 ϭ 3 ͑Q͒, nL 3 ϭ 6 ͑F͒, and nL 3 ϭ 12 ͑G͒ at ␥ ϭ 1000. coherent upon removal of shear flow, and retain structural integrity when sheared in unbounded flow. High interfiber static friction coefficients, stiff fibers, and large permanent fiber deformations all stimulate increased elastic energy storage in fibers, as well as stronger frictional and repulsive interfiber forces. The friction coefficient, as expected, impacts frictional forces more, while fiber stiffness and equilibrium shape exert more influence on repulsive forces. These simulations have demonstrated that fiber features and interaction forces strongly affect flocculation behavior and floc properties. This technique provides a means of exploring effects that are difficult to incorporate into theories that assume particular suspension structures. The simulation technique has shortcomings and limitations that should be mentioned. Static friction coefficients that lead to flocculation in simulations are much higher than the experimentally measured value of 0.5 for pulp fiber surfaces ͓Andersson and Rasmuson ͑1997͒, Amelina et al. ͑1998͔͒. Possible explanations for this discrepancy include neglecting inter-and intrafiber hydrodynamic interactions, the lack of sliding friction, neglecting attractive interfiber forces, and assuming isotropic fiber bending. The existing techniques for studying long range hydrodynamic interactions between fibers mentioned in the introduction could be implemented, at an increased computational cost. For a typical simulation of 200 fibers, each with r p ϭ 80, N ϭ 8, DS ϭ 7.7ϫ10 Ϫ3 at nL 3 ϭ 50, roughly 60 hrs. of computation time is required to simulate a strain of 1000 on a 533 MHz workstation with 256 megabytes of RAM. To probe larger systems, extensive computer speed and memory are required. Future work should also further explore the dependence of flocculation behavior on system parameters, as well as the sensitivity of results to initial conditions. on the rod j centerline. Likewise, if one or both of i and j are Nth rods in a chain, distances are compared as shown in Fig. 21 . The shortest distance for which Ϫl/2 р S i j ,S ji р l/2 is the closest approach between rods G i j ; if it is less than G c , then a rod/rod interaction is counted. 
͑41͒
The right hand side vector Z k for each interaction k is 
